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In this short note, we show the characterization of real interpolation spaces of Herz spaces:

∥f∥K̇α
p,q

:=
∥∥∥{2jα∥χjf∥Lp

}
j∈Z

∥∥∥
ℓq
.

This characterization was already proved by Gilbert
G
[1]. But, we give a proof.

Theorem 0.1. Let 0 < p, q ≤ ∞ and −∞ < α0 < α < α1 < ∞. For θ ∈ (0, 1) with α = (1 − θ)α0 + θα1, it
follows that

K̇α
p,q =

(
K̇α0

p,1, K̇
α1
p,1

)
θ,q

.

Proof. Let τ := −(α− α0)/θ < 0.

∥f∥(K̇α0
p,1,K̇

α1
p,1)θ,q

=

(∫ ∞

0

(
λ−θK(f, λ)

)q dλ

λ

)1/q

≈

∑
j∈Z

2−jθτqK(f, 2jτq)q

1/q

≲

∑
j∈Z

2−jθτq

∥∥∥∥∥∥
∑
k≥j

χkf

∥∥∥∥∥∥
q

K̇
α0
p,1


1/q

+

∑
j∈Z

2j(1−θ)τq

∥∥∥∥∥∥
∑
k≤j

χkf

∥∥∥∥∥∥
q

K̇
α1
p,1


1/q

≲

∑
j∈Z

2−jθτq

∑
ℓ≥j

2ℓα0 ∥χℓf∥Lp

q1/q

+

∑
j∈Z

2j(1−θ)τq

∑
ℓ≤j

2ℓα1 ∥χℓf∥Lp

q1/q

:= I + II.

In the case, q ∈ (0, 1],

I ≤

∑
j∈Z

2−jθτq
∑
ℓ≥j

2ℓα0q∥χℓf∥qLp

1/q

=

∑
ℓ∈Z

2ℓα0q∥χℓf∥qLp

∑
j≤ℓ

2−jθτq

1/q

≲ ∥f∥K̇α
p,1

.

In the case q = ∞,

I = sup
j∈Z

2−jθτ
∑
ℓ≥j

2ℓα0∥χℓf∥Lp ≲ ∥f∥K̇α
p,∞

.

To see the case q ∈ (1,∞), we consider the operator

T :
{
2jα∥χjf∥Lp

}
j∈Z 7→

2−jθτ

∑
ℓ≥j

2ℓα0∥χℓf∥Lp


j∈Z

=

2j(α−α0)

∑
ℓ≥j

2−ℓ(α−α0)2ℓα∥χℓf∥Lp


j∈Z

.

We now know that T is bounded on ℓ1 and ℓ∞. Interpolating them, one obtains the ℓq-boundedness.

The same argument as above gives us that II ≲ ∥f∥K̇α
p,q

. Thus, it holds K̇α
p,q ↪→

(
K̇α0

p,1, K̇
α1
p,1

)
θ,q

.
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For the opposite direction,

∥f∥K̇α
p,q

≲

∑
j∈Z

2jαq∥χjf∥qLp

1/q

.

For arbitrary decomposition f = f0 + f1, we can easily see that

2jα∥χkf∥Lp ≤ 2j(α−α0)
(
2jα0∥χjf0∥Lp + 2j(α0−α1)∥χjf1∥Lp

)
≤ 2j(α−α0)

(
∥f0∥K̇α0

p,∞
+ 2j(α0−α1)∥f1∥K̇α1

p,∞

)
.

therefore,

∥f∥K̇α
p,q

≤

∑
j∈Z

2j(α−α0)qK(f, 2j(α0−α1); K̇α0
p,∞, K̇α1

p,∞)q

1/q

≲

∑
j∈Z

∫ 2(j+1)τ

2jτ

(
λ(α−α0)/τK(f, λ(α0−α1)/τ ; K̇α0

p,∞, K̇α1
p,∞)q)

)q dλ

λ

1/q

≲ ∥f∥(K̇α0
p,∞,K̇

α1
p,∞)θ,q

≤ ∥f∥(K̇α0
p,1,K̇

α1
p,1)θ,q

Remark 0.1. The proof above means that for all r ∈ [1,∞]

K̇α
p,q = (K̇α0

p,r, K̇
α1
p,r)θ,q.
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